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Abstract 

We prove a theorem of Hinich type on existence of a model structure on a 
category related by an adjunction to the category of differential graded modules 
over a graded commutative ring. 



Introduction 



Hinich proved in ||Hin97|| a theorem on existence of a model structure on a category related 
by an adjunction to the category of complexes. In this article we give a detailed proof 
of a theorem of similar kind. The two theorems differ at least in two points. First, 
Hinich works with dg-modules over a (commutative) ring, and we consider differential 
graded modules over a graded commutative ring k. Second, in the proof Hinich introduces 
certain morphisms which he calls elementary trivial cofibrations and shows that any trivial 
cofibration is a retract of countable composition of elementary ones. We show that a trivial 
cofibration is a retract of an elementary trivial cofibration in our sense. 

We apply our theorem to proving that categories of bi- or poly-modules over non- 
symmetric operads have a model structure ||Lyull| , |Lyul2|| . For modules over operads a 
model structure was constructed by Harper ||HarlO| , Theorem 1.7]. Since Hinich's article 
Hin97l a plenty of results appeared in which given a (monoidal) model category one pro- 



duces a model structure on another category related to the first category by an adjunction 
tBM03| , Section 2.5], on category of monoids [|SSOO| , Theorem 3.1] or on the category of 



operads [ [SpiOlj , Remark 2], |[Murll| , Theorem 1.1]. Clearly, in this approach one must 
have a model category to begin with. The category of differential (unbounded) graded 
k°-modules has a projective model structure for a commutative ring Ik° ||(JH02|| . The same 
result for graded commutative ring k has to be deduced from the case of commutative ring 



along the lines of [[BM03 



After that one has to prove that dg-k-mod is a monoidal 
model category, which requires detailed information on cofibrations. Such information 
is provided e.g. by the proof of Hinich type theorem: any cofibration is a retract of a 
countable composition of elementary cofibrations (of a concrete form). Thus, a technical 
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work does not seem to be avoidable in any approach. One more reason to follow the 
Hinich's approach is pedagogical: it can be explained to students in detail as well as in 
examples. 



1.1. Notations and conventions. In this article 'graded' means Z-graded. Let k be 
a graded commutative ring (equipped with zero differential). By gr = grjj. = gr-k-mod 
we denote the closed category of Z-graded k-modules with k-linear homomorphisms of 
degree 0. Thus an object of gr is X = (X'")'"^^. Symmetry in the monoidal category of 
graded k-modules is chosen as c{x (x) ?/) = (—I)™''?/ (x) x for x e X"^, y e YK 

The abelian category dg = dg-k-mod is the closed category of differential Z-graded 
k-modules with chain k-linear homomorphisms. Monomorphisms and epimorphisms of 
dg are componentwise injections and surjections. A quasi-isomorphism M ~* N s dg 
is a chain k-linear homomorphism inducing an isomorphism in homology. For a e Z the 
shift functor is defined by [a] : dg dg, M ^ M[a], M[aY = M^+". The shift functor 
extends componentwise to dg'^ for any set S. 

Denote by a" : M M[a] the "identity map" of degree deg a" = —a. Write elements 
of M[a] as ma"'. When / : 1/ — > X is a homogeneous map of certain degree, the map 
/[a] : V\a\ X\a\ is defined as /[a] = {—l)f"-a^°'fa°'. In particular, the differential 
d : M M of degree 1 in a dg-module M induces the differential d[a] = {—l)°'a^"-da°' : 
M[a] M[a] in M[a]. The degree isomorphisms a"" • (a"' g) 1) : g) W)[a] 
{V[a])(^W, {v0w)a'' ^ (x)i(;, and a"'^ • (1 (x) ct") : (y(x)W^)[a] ^ V(g){W[a]), 

(f ® w)a"' 1^ V wa"', are graded natural. This means that for arbitrary homogeneous 
maps f : V X , g : W ^ Y the following squares commute: 

iV[a]) (8) W :l1<^ (y w)[a] fZ<}^ y ® {W[a\) 



(/["])(8)9 



(m)[a] 



{X[a]) ® Y (X (g>Y)[a] ^Z<^ X ® {Y[a]) 

Actually, the second isomorphism is "more natural" than the first one, not only because 
it does not have a sign, but also because it suits better the right operator system of 
notations, accepted in this paper. In the following we always identify {V (x) VF)[a] with 
V ® {W[a]) via a"" • (1 ® a^). 

Assume that a : M N e dg. Denote by Cone a = (M[l] © A^, dcone) ^ Ob dg the 
graded k-module with the differential 

1 ( c?m[1] cr^^o\ f—a^^dj^ja a^^a 

''^""^ ^ V dN J [ dN 



The following result generalizes a theorem of Hinich [pinQT] , Section 2.2]. 



1.2 Theorem. Suppose that S is a set, a category C is complete and cocomplete and 
F : dg'^ ^ G : U is an adjunction. Assume that U preserves Gltering cohmits. For 
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any x e S consider the object of dg , Kx{x) = Cone(idk), ^x{y) = for y x. 
Assume that the chain map U{m2) : UA ^ U{F(Kx[p]) u ^4) is a quasi-isomorphism for 
all objects A of G and all x e S, p e Z. Equip C with the classes of weak equivalences 
(resp. fibrations) consisting of morphisms f of Q such that Uf is a quasi-isomorphism 
(resp. an epimorphism) . Then the category C is a model category. 



2. Proof of existence of model structure 



This section is devoted to proof of Theorem [1.2| , whose hypotheses we now assume. The 
proof follows that of Hinich's theorem |[Hin97| , Section 2.2] ideologically but not in details. 
Constructions used in the proof describe cofibrations and trivial cofibrations in C. 

Denote the functor U also by UX = X# for X e Ob C or X e MorC. Let 
e : FUA — » ^4 be the adjunction counit and let : M ^ UFM be the adjunction unit. 
The adjunction bijection is given by mutually inverse maps 

I* 



X 



(l:FM^ A) I > I* = [M^ (FM)* ^ A*) 

{FM ^ F{A*) ^ A) < 1 {x:M^ A*). 

Define three classes of morphisms in C: 

W = {f E MorC \ y X E S is a quasi-isomorphism}, 

Jif = {f EMoie\yxE S y zeZ f*{xy is surjectlve}, 
/Cc = ^"^tf consists of maps / e Mor C with the left lifting prope 
with respect to all morphisms from Jltf = W d Jlj. 



We are going to prove that they are weak equivalences, fibrations and cofibrations of a 
certain model structure on C. 

Let M E Obdg^, A e OhG, a : M ^ A* e dg^. Denote by C = Cone a = (M[l] 
UA, c/conc) ^ Ob dg"^ the cone taken pointwise, that is, for any x e S the complex C{x) = 
Cone(a(x) : M{x) — > {UA){x)) is the usual cone. Denote hj i = m2 : UA ^ C the 
obvious embedding. Following Hinich [ Hin97 , Section 2.2.2] define an object A(M , a) e 
Ob 6 as the pushout 



Introduce a functor h^a '■ G 



FU{A) 

Fi 



A 



r 



FC '—^ A(M, a) 

Set: 



hAAB) = {{f,t) E e{A,B)xdg'{M,B*)-' I {t)d^tdB#+dMt ={M^A*^B*)}. 
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2.1 Lemma. The object D = Ai^MjO) and the element {j,0) e hA,a{.D) represent the 
functor hA,a, where 

e= {M^ M[l] C ^ UFC UD). 

That is, the natural in B transformation ipB '■ G{D, B) hA,a{,B), ^ is bijective. 

Proof. The boundary of degree —1 map h = (M M[l\ > C) is {h)d = hdc + dj^h = 
a ■ I. Therefore, {9)d is the composition along the bottom path in the diagram 



M 



UA 



C 



UFUA > UA 



UFi 



UFC 



Ug 



Uj 

UD 



which equals to the top path, that is, to a-Uj. Therefore, (j, 6) e hA,a{D). By the Yoneda 
lemma the natural transformation ■0s takes a morphism k : D ^ B oi Qto 



hAAk) {j,e) = {A^D^B,M^C^ (FC)* ^ D* ^ B*) . 
Let us prove injectivity oi ^1)b- Let ki, k2 ■ D ^ B satisfy 

{fl,ti) = hAAkl){j,e) = hA,a{k2){j,9) = (/2,i2). 

Then 

(M[l] ^ C ^ {FC)* ^D*^ B*) = a-% 
does not depend on p = 1,2. On the other summand of C we also have that 



(2.1) 



(^A* ^ C ^ (FC)* ^ D* ^ B*) = {A*^D*^B*)=f^ 
does not depend on p = 1,2. Therefore, 

ll={C^ {FC)* ^D*^ B*) 



# 

V 



I.* 



also does not depend on p = 1,2. Their adjuncts Ip = {FC D ^ B^ must not depend 
on p either. By assumption 



(^A^ D ^ B) = h = f2 = {A^ D ^ B). 

The pushout property of D allows only one morphism D B with such properties, hence, 
ki = k2. 
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Let us prove surjectivity of ipB- Given an element [f : A ^ B,t : M ^ B"^) e hA,a{B) 
we construct a degree map x : C — > 

_ /M[l] — M S#\ 

One easily checks that x is a chain map, x e dg . Its adjunct is denoted 

l = 'x={FC^F{B*)^B). 
Since z • x = /* : ^4* S*, we have 

F^ ■ / = {F{A*) ^ F{B*) ^ B) = e ■ f. 

By definition of pushout D there exists a unique morphism k : D ^ B e Q such that 
f = J ■ k, I = g ■ k. Hence, 

x = Z*= (C7^(FC7)#^S#), 
t={M^ M[l] ^ C ^ S#) = (M ^ M[l] ^ C ^ (FC)* ^D*^ B*). 
Therefore, ij^Bik) = {f,t) and ipB is bijective. □ 

2.2 Corollary. Tiie map {M ^ A* ^ A{M, af) = {e)d is nuU-homotopic. If dM = 0, 
then for any cycle m e ZM the cycle ma e ZA"^ is taken by j* to the boundary of the 
element mO e A<(M, a)*. 

Thus, when F : dg'^ ^ C is the functor of constructing a free dg- algebra of some 
kind, the maps J are interpreted as "adding variables to kill cycles" . 
The following statement is well-known. 

2.3 Lemma. Assume that g : U V e Ck is a surjective quasi-isomorphism. Then for 
any pair {u, v), u s ?7"+\ v e V"', such that ud = 0, ug = vd there is an element w e U"' 
such that wd = u, wg = v. 

Proof. Vanishing of H^^^{g)\%i\ = \gu\ = implies vanishing of the cohomology class 
[u] = 0. There is y e such that yd = u. Denote c = yg e V^, then 

cd = ygd = ydg = ug = vd. 

Hence, c — v is a cycle, and there is a cycle z e Z'^U such that [zgf] = [c — v]. There is 
e e such that zg = c — v + ed. The element e hfts to x e such that xg = e. 

Thus, 

yg = c = zg — xgd + v = [z — xd)g + v. 
Therefore, w = y — z + xd satisfies wg = v and wd = u. □ 
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We say that M consists of free k- modules if for any x e S the graded k-module M{x) 
is free - isomorphic to 0ag2P"k[a] for some graded set P and dM = 0. 

2.4 Proposition. Let M consist of free k-modules, du = 0, ^4 e Ob C and a : M ^ 
A* e dg^. Then j : A ^ A(M, a) e 

Proof. Let the image of a morphism y : U ^ F e C be an epimorphism and a quasi- 
isomorphism. Let u : A U e Q. Morphisms v : A^M, a} —* V, which make the square 



A 



A(M, a) 



U 



] y 



V 



(2.2) 



commutative, are in bijection with elements {A^ U V, M V*) e hA^aiV)- Thus, 

it)d = dut + tdy* = {M^A*^U*^ V*) . 

For some graded set P = (P"(s) | a e Z, s e S"), P"(s) e Set, we have M = Pk. = 
(©asz-P''(s)k[a])^^^. Let us denote the chosen basis of M by (ep)pgp.(.), degCp = degp. 
For an arbitrary p e P"'{s) denote n = a ~ 1. We have a cycle epau^ e Z^^^iU"^) and an 
element Cpt e (I/*)" such that {epau^)y'^ = {ept)dy#. By Lemma p73| there is an element 
denoted (e^r) e ([/*)" such that Cpau^ = {epr)du# and Cpt = [epr)y'^. Choosing such 
CpT for all p e P*(.) we get a map r e dg'^(M, f/*)^^ such that the triangles commute 



A* 



M 



{r)d 




Thus a pair : A — > [/, r : M ^ ?7*) e hA,a{U) determines a morphism : A{M, a} 
[/ G C by Lemma IQ] . Due to (|2.1|) the equation 

w = (A ^ A<M, a> ^ U) 
holds. Naturality of bijection i/j, 

hAAU) 



e{A(M, a), U) 
e{i,y) 
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applied to the pair {u, r) gives 

{u: A-^ U,r : M U*) i > w 

{uy : A — > y, ry* : M V*) = {jv, t) i > v = wy. 

This gives another equation 

V = {A(M, a)^U^V) 

and w is the sought diagonal filler for ( p.2|) . □ 

If M consists of free k- modules (and (Im = 0), then j : A ^ A<(M, a} is a cofibration. 
It might be called an elementary standard cofibration. If 

A-^ Ai^ A2'^ ■■■ 

is a sequence of elementary standard cofibrations, 5 is a colimit of this diagram, then the 
"infinite composition" map A ^ B is a cofibration called a standard cofibration |[IIin97| , 
Section 2.2.3]. 

2.5 Lemma. Let a a' : M ^ A*. Then there is a natural in B bijection hA,a{B) ~ 
hA,a'{B). Hence, there is an isomorphism k of representing objects, which is the last arrow 
in the equation which holds in C; 

J = {A^ A(M, a) ^ A(M, a'}) . 

Proof. Let h g dg'^(M, A*)^^ be a homotopy, a — a' = hd + dh : M ^ A*. Then we 
have well defined maps 

hAAB) = {{f:A^B,t:M^B*)\ {t)d = af*} 
{f,t) {f,q + hf*) 



{f,t-hf*) {f,q) 
hAAB) = {{f:A^B,q:M^B*)\ {q)d = a' f*} 



smce 



{t~hf*)d = af*^{a-a')f* = a'f*, 
{q + hf*)d = a'f* + (a - a')f* = af*. 

These maps are mutually inverse and natural in B. 
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Take B = A{M, a'}. There is a commutative square of bijections 
e{A(M, a'), A(M, a'}) e{A(M, a), A(M, a') 

' f ^ 

hA,o.'{A{M,a')) > hAAMM,a}) 

which gives the equation 

1b I > k 



(y, t') ^ (y, t' + M*) = (jfc, tk*). 

In particular, j' = jk. □ 

2.6 Remark. Consider a diagram a' = {M' ^ M" ^ A*) in dg^. These mor- 
phisms lead to natural transformation hA,a"{B) — » hA,a'{B), (/, t) t-^ {f,f3-t), or equiva- 
lently Q{A<[M", a"}, B) G{A{M', a'}, B), which comes from a unique morphism : 
A(M', (3 ■ a") A(M", a") e C. It can be found from the diagram 



F{C" 




(2.3) 



A(M\ a") 



where 7 = Cone(/3, 1) : C" — > C" is the morphism of cones, induced by (3. 

In fact, put B = A(M" , a"}. The unit morphism 1^ corresponds to {]", 6") e hA,a"{B) 
which is taken to • 9") e hA,a'{B). The latter element has to coincide with (/ • 

A{P), 9' ■ A0)*). The equation f = j' ■ A(l3) is the right triangle of The equation 

fi ■ 9" = 9' ■ y4(/9)* can be written as the exterior of 



M' 

/3 

M" 



M'[l] 



M"[l] 



irii 



ini 



7 

■C" 



D 



A(0)* 

^ D"* 



The mentioned right triangle implies commutativity of the exterior of 

A* > C ^ D'* 

A* . C" ^ D"* 
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This fact jointly with the previous imphes commutativity of the right square, which is 
equivalent to lower trapezia in ( |2.3| ). 

In particular, for = (O M A*) we have = id : ^4* C", / = id : ^4 — > 
^<0, 0>, / = J = A<0> : A = A(0, 0> - A(M, a). 

2.7 Remark. For : M ^ A* we have that A(M,0) ^ F(M[1]) u A and J = ins is 
the canonical embedding. In fact, C = M[l\ A* is the direct sum of complexes and 
A<[M, 0) is found from the following diagram 



F{A*) 



A 



F{m2) 



F{M[1] u A*) F{M[1]) u F{A*) ^ F(M[l])'u A = A(M, 0> 

2.8 Example. Let e Obdg^. Take FN for A and r] : N (FN)* for a. We claim 

that we can take F(Conel7v) for {FN){N,riy. In fact, 

hF^^,{B) = {{f:FN^B,t:N^B*)\ {t)d = V f*} = {{f,t) \ {t)d = f} 
= {if,t) \f = \it)d)} = {tEdg'iN,B*)-'}^dg'iN[llB*f 

''^ dg'{{N[l]®N,dconei^),B*) = dg^(Coneljv,5#) ^ e(F(Cone 1^), S). 

Bijection (!) is left to the reader as an exercise. 

2.9 Proposition. Let N = Pk e dg"^ consist of free k-modules, d^ = 0, and M = 
ConelAr[_i] = {N (B N[—l],dcone)- Then for any morphism a : M ^ UA s dg"^ the 
morphisni j : A ^ A<[M, a} is a standard cofibration, composition of two elementary 
standard cofibrations. 

Proof. The complex M is contractible, hence, a ~ = a' : M — » A*. Applying 

Lemma |2.5| we find that j = [A "^^°^> A(M, 0) ^ A^M, a)) , thus it suffices to prove 
the claim for a = 0. 



r 



in2 



The embedding ins '■ ^[^1] 

A 



M induces a diagram 
A A(N[-1],0) = A(N[-1],0X0, 0> 

A<in2> A<Af[-l],0><0> 

A(M, 0> A(N[^1],0XN, r,) 

Commutativity of the triangle is contained in diagram ( p.3|) . Commutativity of the square 



is implied by Remark p.7| , which gives A(A^[— 1], 0) = FN u A, and by the equation 

FN- (FiV)(0,0) 

F{m2) = {FN){0) 

F(Cone U) = {FN){N, rj). 
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The latter equation follows from Example 2^. Let us take B = F(Cone In) in it and find 
the element of /ii;'Ar^^(F(Cone Itv)), which goes into 1b under the sequence of bijections 
considered in the example. Moving backwards we find elements 



Ib^(V- Cone l;v ^ {F Cone l^v)*) ^ <A^[1] — 
^t = (N ^ N[l] Cone l^v 

Computation in the proof of Lemma ^?T| give 

{t).d = (N Cone Ijv ^ {F Cone 1^)*} = (N 



^ Cone Ijv ^ (F Cone 1^)#> 
^ (F Cone In)*) e dg^(A^, B*)-\ 

^FN)* ^^^{F Cone 1n)*\ 



hence t comes from the pair (F(in2), t) e hpN,n{F{Coiae In))- Thus, j" : A ^ ^{M, 0) is a 
composition of two elementary standard cofibrations and a standard cofibration itself. □ 

2.10 Proposition. Let r : A ^ Y g Q. Denote by 

N = ZCone(r#[-l] : A*[^l] Y*[-l]) 

= {{u, ya'^) E A* X Y*[-l] \ ud = 0, ur* - ydy* = O} 

the differential graded k-submodule of cycles of Cone(r*[— 1]), rfjv = 0. Denote by pi^ : 
— * e dg"^ (resp. prg : N — * 1] e gr^) the map {u,ya^^) u (resp. 

{u,ya^^) yo'^^). Define D = y4(A^, pr^). Then 

{r:A^Y,t = {N^ Y*[-l] ^ Y*)) 

is an element of hA,pT^{X)- The corresponding morphism q : D ^ Y satisfies r = (^A 
A{N, pr^) Y) . The composition 



I3 = (N ^ Cone(r#[-l]) 



Conc(J#[-l],l) 



I Cone(g#[-l])>, Cone(j#hl],l) 



J* 
1 



is nuU-homotopic, j3 = {9,0).d = (0,0) ■ rfcone(q#[-i])7 thus, all cycles of Cone(r*[— 1]) are 
taken by Cone(j*[— 1], ly#[_i]) to boundaries in Cone(q'*[— 1]). 

Proof. Let us show that {r,t) s /iA,pri(^)- Ii^ fact, the diagram 



A* 



Y* 



commutes as the computation shows 



[u,ya' 



ya ^ h 



u h 



ur 



# 



ydy* 
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The corresponding morphism q : D ^ Y satisfies (r, t) = (^j ■ q, N y*) by 

One can easily check that cones are related by the chain map 



Cone(j#[-l], = ° J : Cone((j#g#)[-l]) -> Cone(g#[-l]). 



The composition /3 takes {u,ya ^) s N to {uf^,ya ^) e Cone(g*[— 1]). Since (In = the 
map 

(^,0).d= (^,0)(Y = (pri.J#,^g#a-i) = (pr, -J*, ta-^) = (pri./,pr2) 

takes {u,ya^^) to the same {uf^ ,ya^^) as □ 
Assume hypotheses of Theorem |1.2| hold. 



2.11 Proposition. Let N = Pk e dg'^ consist of free k-modules, (In = 0, and M = 
Cone lAr[_i]. Then for all a : M ^ e dg'^ the morphism j : A ^ A(,M, a} is in W. 

Proof. The complex M is contractible, hence, it suffices to consider a = 0. Consider the 
directed set of finite graded subsets Q c P (that is, the set |_|^gz Q'^i^) is finite). We have 

xeS geQ^ix) 

M[l] = PK[1] = P%x)K^[c + 1] = colim ]J Kjc + 1], 

ceZ xeS,ceZ 



j* = m* = (A#^{F{M[l])UA)*} 

A#-.(colim( U F{K,[c+1]))Ua) 



xeS, ceZ 
geQ'^ix) 



A#-colim(( W F{K,[c+1\))Wa) 



xeS, eel 



For any finite Q the map inf : A* ((LJxe5 cgZ + 1])) ]J A)* is a quasi-isomor- 

phism as a finite composition of quasi- isomorphisms. Thus its cone is acyclic. Therefore, 
the cone 



Cone^J* : A* colim(^( ]J F(K^[c + 1])) ]J 

xeS, ceZ 

colim Cone^ A# ^ ( ]J F (K^ [c + 1] ) ) ]J A j 



F(K4c+lJ)j JJ/^*' 

xg5, cgZ 

is acyclic and J* is a quasi-isomorphism. □ 
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To sum up Propositions 2^ and 2.11| assume that 6 Ob dg consists of free Ik-mod- 



ules, (ijv = 0, and M = Coneliv[_i] = (N ® N[—l],dcone)- Then for any morphism 
a : M ^ UA e dg"^ the morphism j : A ^ A{M, a) is a trivial cofibration in C and a 
standard cofibration, composition of two elementary standard cofibrations. It is called a 
standard trivial cofibration. 

Proof of Theorem (MCI) (Co)completeness of C is assumed. Axioms (MC2) (three- 
for-two for W) and (MC3) (closedness of /Cc, W, "Jlj with respect to retracts) are obvious. 
The class £c is """(W n Olf) by definition. 



(MC5)(ii) Functorial factorization into a trivial cofibration and a fibration. Let f : X ^ 
Fee. Denote N = Y*k, M[l] = Cone ^[-i] = (N @ N[-l],dcone) - Y*K[-1]. 
The k- linear degree map F*, Cy t-^ y, extends in a unique way to a degreewise 

surjection VTy : M[l] F* e dg"^, which determines a morphism vry : F(M[1]) 
Y E Q. Combining it with the previous we get a morphism ny ^ f '■ F{M[1]) ^ 

Fee. Since tt*. = <M[1] ^ (F(M[1]))# ^ Y*} is a surjection, the map it* = 

<(F(M[1]))# (F(M[1]) U A:)# J^I^^Zl^ y#) is a surjection as well. Therefore, 

(TTy u /)* is a surjection and Try u / e Jlf. The decomposition 

/ = (X ^ X<M, 0> = F{M[1]) U X i^I^ Y) 
into a trivial cofibration and a fibration is functorial in /. 



(MC5)(i) Functorial factorization into a cofibration and a trivial fibration. Let us con- 
struct inductively the following diagram in 6 



(2.4) 




so that all hi were cofibrations. Given g„ for n ^ denote 
= ZCone(g#[-l] : D*[-l] - Y*[-l]) 



{{u,ycx-') eD*x Y*[-1] \ud = 0, uq* - ydy* = O} 



as in Proposition p.lO| . Being a subset of cycles Nn is a graded k-submodule with dN„ = 0. 
Viewing as a graded set introduce a graded k- module M„ = A^„k, dMn = 0, with 
the projection p„ : M„ 1> Nn e dg"^, for all v e A^*(»). Let us denote 

«„ = (M„ ^ iV„ G dg^. Choose = D„<M„,a,>, then hn = Dn(0) : 

D„ Dn+i is a cofibration. Proposition p.lO| and Remark |2.6| imply that (g„ : D„ 



Y t 

^ ) ''n 



Pn 



A^. 



PI'2 



Y*[-l] ^ Y*) is an element of /iD„,o„(^)- A morphism 
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Qn+i : Dn+i = Dn{Mn, an) Y E G coiresponds to the pair {qn,tn) such that Qn = 
n+i > 1^) in C, which gives the required diagram. 
Let us prove that qf : Df is surjective in all degrees. Let y e Then 

(0,2/(/(T"^) e A^o, e(o,j;d^-i) e Mq, e(o,yda-i)6'o ^ • The equation Ooqf = to = Po • : 
Mq ^ implies that 



^)Go(lf " ydy* = (0, l/(icr ^) pr2 a-yd = 0. 



Furthermore, 



e(0,yd<T-i)^0<^/3# 



3(o,yda-i)-(6')rf = e(o,j;da-i)ao«o^^o = (0,?/rfo- ^)priao«oWo = 



Thus, (e(o,ydo-i)6'o, yc" ^) ^ ^^"1. Therefore the map prg -cr : A?"! ^ is surjective in each 



degree. Hence, the map ti = (Mi — 1> A^i — ^ 1] y*) is surjective as well. Since 



7# 



(Ml 



D* ^ Y*) , it follows that qf is surjective in each degree. Consequently 



is surjective for all n ^ 2, and the induced map : D* 

■ Y. 



Y* 



IS 



surjective as well, where 

q = colim qn : D = colim D 

nGN neN 

Diagram ( p.4|) induces also diagram of cones 

# Cone{h*,l) # Cone(fcf,l) ^ 

Cone go > Cone gf > Cone g2 ■ 



Coneg* = cohmConeg*. 



nGN 



It follows from Proposition BTTDI that the submodule of cycles ZConeg* is taken by 



Cone(/i*, 1) to the submodule of boundaries -B Cone g.fl|_i. Thus the colimit of cones 
Coneg* is acyclic. Therefore, g* is a quasi-isomorphism. We have decomposed a mor- 
phism / 6 C into a standard cofibration i and a trivial fibration q: f = [X D Y). 

(MC4) (ii) . Let us prove that a standard trivial cofibration j : X ^ X{M, 0) is in 
'^^f- Here M[l] = Conel7v[-i] and consists of free k-modules. We have X(M, 0) = 
F(M[1]) uX. A square 



X 



A 



X(M, 0> 



B 



commutes iS b = I u ag : F{M[1]) u X B. The adjunction takes / to /* : M[l] 
dg*^. There is a commutative diagram in Set 

dg^{M[l],A*) dg'^iN, 



B* 



dgS(l,9#) 



dg^(l,g#) 



(2.5) 



dg^(M[l], S#) dg^(iV, 
13 



Assume that g e that is, is surjective in each degree. Since consists of free 
s-modules, the vertical maps are surjections. Thus, there is a chain map r : M[l] — > 

g"^. Using adjunction we find that / = (F(M[1]) A S). Then 



such that /* 
c 



r 



a : F{M[1]) u X — > A is the sought diagonal filler. 
Denote by J the class of all standard trivial cofibrations. Then the above reasoning 



turned backward shows that for g ^ J'^ vertical arrows of (|2.5| ) are always surjective which 
implies that g e Jlf. Hence, J"*" = !Rf. 

Consider an arbitrary morphism f : X Y e Q. Accordingly to proven (MC5)(ii) 
there is a decomposition 



X 



Y 



Z = X(M, 0> 



Y 



into a standard trivial cofibration j and p e Jlf. If / e W n Lc, then p e W d Jlf. By 
definition of = """(W n Jlj) there is a morphism w such that the following diagrams 
commute 



(2.6) 




and w ■ p = ly. That is, / is a retract of j. Hence, (W n 3^/ 




□ 



2.12 Remark. It is shown in the proof that any trivial cofibration / is a retract of a 
standard trivial cofibration J of type ( |2.6| ), cf. |[Hin97| , Remark 2.2.5]. Similarly, any 
cofibration / is a retract of a standard cofibration j of type (|2.6| ). The model structure of 
C is cofibrantly generated by the classes of elementary cofibrations and of standard trivial 
cofibrations. 
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